ABSTRACT This paper concentrates on the vibration control problem of a flexible string system and a flexible Euler-Bernoulli beam system for considering full state output constraints, i.e., deflection and speed constraints. For either system, a boundary control law is developed based on a barrier Lyapunov function. By employing the control scheme, the deflection and speed are limited into desirable regions. With the help of a rigorous unique solution proof for the time derivative of the barrier Lyapunov function, the asymptotic stability of the considered system is achieved via LaSalle's Invariance Principle. Finally, numerical simulations are provided to verify the control performances of the proposed controls.
I. INTRODUCTION
The advantages of flexible mechanical systems are lightweight, efficiency, better operation speed and lower cost. They are widely used in many areas, such as oceanic industries, petrochemical engineering, aerospace industry, mechanical engineering industry and etc. [1] - [9] . However, an inevitable weakness is that flexible structures may lead to vibrate excessively [8] , [10] . Therefore, vibration suppression for flexible systems have received great attentions [11] , [12] .
Boundary control is an economical and efficient way for dealing with vibration problems, due to the nonintrusive actuation and sensing in the implementation of the controllers [13] - [22] . In the last twenty years, the control design for flexible mechanical systems has been received extensive attentions in a number of research fields. In [23] , adaptive boundary controllers are proposed at the top and bottom boundaries of a flexible marine riser to suppress the vibration and to position the subsea payload to the desired set point. In [24] , boundary controllers are designed for both wing twist and bending of the robotic aircraft to restrain the deflection. In [25] , a robust adaptive boundary control for an
The associate editor coordinating the review of this article and approving it for publication was Shuping He. axially moving string is investigated, by applying a hydraulic actuator at the right boundary of the string. In [26] , a novel boundary control scheme is developed to reduce the offset for a flexible aerial refueling hose with varying length, varying speed, and input constraint. With regard to flexible string and beam systems, so far, a variety of control designs have been developed for vibration suppressions [27] - [34] .
Most of the outstanding boundary control schemes have been designed based on Lyapunov's direct method [35] - [42] . A novel kind of Lyapunov function, called barrier Lyapunov function, is employed to deal with the output constraints problem [43] . However, the technology developed in [43] is considered for linear or nonlinear ordinary differential equation (ODE) based systems originally, such as the works proposed in [44] , [45] . To handle the output constraint issue for systems described by partial differential equations (PDEs), an innovative barrier Lyapunov's method has been explored. This method has been successfully applied to some PDE based systems, such as flexible beam, string, satellite and marine riser systems [46] - [50] . However, all these papers only include the constraint of the deflection and ignore to constrain the speed of the vibration, which may violate some safety specifications.
In order to constrain multiple control outputs for PDE based models, theories proposed in [43] should be reconsidered. Related work has been published in [51] , in which the position, vibration and speed constraints of a two-link rigid-flexible manipulator are handled. In this paper, we try to address the full state output constraints of a flexible string and a flexible beam systems, namely to constrain the elastic deflection and vibration speed. We give a more indepth mathematical analysis for this problem, and get some interesting results:
i Two boundary control laws are designed to suppress the vibration of the flexible string and 
II. PRELIMINARIES A. OBJECTS OF STUDY
In this paper, we consider a flexible string system introduced in [48] and an Euler-Bernoulli beam system in [47] without external disturbances. The structure of a flexible string system is presented in Fig 1. The left boundary of the flexible string is fixed at origin O of the coordinate Oxy. x denotes the space and t denotes the time. ω(x, t) denotes the deflection of the string at the position x in time t. l denotes the length of the string. ρ 1 and T 1 respectively denote the density and the tension of the string. m denotes the mass of the payload. u(t) denotes the boundary control input signal.
The structure of a Euler-Bernoulli beam system is shown in Fig 2. y(x, t) denotes the vibrational offset. L denotes the length of the beam. ρ 2 , T 2 and EI respectively denote the density, the tension and the bending stiffness of the beam. M denotes the mass of the payload. v(t) denotes the boundary control input signal. 
B. NECESSARY ASSUMPTIONS
For convenience and clarity, notions ( ) = ∂( )/∂x, ( ) = ∂ 2 ( )/∂x 2 , ( ) = ∂ 3 ( )/∂x 3 , ( ) = ∂ 4 ( )/∂x 4 , ( ) = ∂( )/∂t and( ) = ∂ 2 ( )/∂t 2 are defined throughout this paper.
Some reasonable assumptions are necessary for the subsequent development.
Assumption 1: In the initial time, we have
where k 1 , k 2 , k b1 , k b2 are positive constants. The following lemma ensures that the state constrains are not violated.
Lemma 1 ( [43]): For any positive constants k b , let Z
be open sets. Consider the systeṁ 
where γ 1 and γ 2 are class K ∞ functions.
Let V (η) := V 1 (z 1 ) + U (w), and z 1 (0) belong to the set
III. CONTROL DESIGN VIA BARRIER LYAPUNOV FUNCTION
In this section, boundary controllers for the flexible string and flexible beam systems are proposed. Our objectives are: (i) to suppress the transverse vibrations ω(x, t) (y(x, t)) of the string (beam), i.e., ω(x, t) → 0 (y(x, t) → 0) when t → ∞; (ii) to keep the full state boundary output remain in the constrained space, namely |ω(l,
A. FLEXIBLE STRING SYSTEM
The dynamic of the string system ( Fig. 1 ) is formulated as the following typical PDE
with boundary conditions
and
In order to tackle the problem of full state constraints, we propose the following boundary control
where k > 0 is the control gain. Consider the following Lyapunov function candidate
where V 1 (t) is the energy term such that
and the barrier term V 2 (t) is defined as
The stability analysis is discussed below. Theorem 1: The system described by (3) and boundary conditions (4)- (5) has the following properties, by using the proposed control scheme (6) .
(i) The closed-loop system is asymptotically stable.
(ii) According to Assumption 1, we have |ω(l, t)| < k 1 and
Proof: It is obviously that V(t) > 0. Then we calculate the time derivative of the Lyapunov functional candidate by differentiating (7)
Taking the derivative of V 1 (t), then substituting (3) and (5), we havė
Differentiating V 2 (t) leads tȯ
Substituting (11), (12) and (6) into (10) results iṅ
It is easy to see thatV(t) ≤ 0. However, this conclusion is not enough to illustrate the asymptotic stability of the system. We should further prove thatV(t) = 0 implies an unique solution of ω(x, t) = 0. The proof is presented in Appendix A for details. Then, according to the LaSalle's invariance principle, the closed-loop system is asymptotically stabilized by the developed control (6) . Moreover, based on Lemma 1, we can infer that |ω(l, t)| < k 1 and |ω(l, t)| < k 2 , ∀t ∈ [0, ∞). Therefore, the full state constrains are achieved.
B. FLEXIBLE EULER-BERNOULLI BEAM SYSTEM
The mathematical model of the Euler-Bernoulli beam system (Fig. 2) are displayed as follows
The boundary control is designed as
where k * > 0 is the control gain. Choose the following Lyapunov function candidate
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. (20) We now analyse the stability. Theorem 2: The system described by (14) and boundary conditions (15) - (16) has the following properties, by using the proposed control scheme (17) .
(ii) According to Assumption 1, we have |y(
Proof: Firstly, we have E(t) > 0. The time derivative of the Lyapunov functional candidate can be computed by differentiating (7)
Taking the derivative of E 1 (t), then substituting (14) and (16), we havė
Differentiating E 2 (t) yieldṡ
Substituting (22), (23) and (17) into (21), we obtaiṅ
It is obviously thatĖ(t) ≤ 0. The unique solution proof ofĖ(t) = 0 is proposed in Appendix B for details. Consequently, applying LaSalle's invariance principle, the closedloop system is asymptotically stabilized by the boundary control (17) . Furthermore, according to Lemma 1, the full state of the system is constrained, i.e., |y(L, t)| < k b1 and |ẏ(L, t)| < k b2 , ∀t ≥ 0.
Remark 1: All signals in the designed control laws (6) and (17) can be measured by sensors or computed by backward difference algorithm. ω(l, t) and y(L, t) can be directly measured by applying a laser displacement sensors located at the boundary of the string and beam system, respectively. According to the measured values,ω(l, t),ω(l, t),ẏ(L, t) andÿ(L, t) can be calculated with a backward difference algorithm.

IV. SIMULATIONS
In order to verify the effectiveness of our proposed control schemes for the flexible string and flexible Euler-Bernoulli beam systems with full state output constraints, simulations have been carried out by using the finite difference method [15] , [24] , [52] and the results are presented in this section.
The finite difference method can provide a straightforward and accurate process to resolve the dynamic model of the two considered systems constituting a highly nonlinear and hybrid differential equations with two independent variables, i.e., space and time. The space step and the time step are divided as x = 0.025m and t = 1.0×10 −5 s, respectively. The spatial and temporal terms in the equations are obtained using the finite difference techniques through a finite rectangular grid on this mesh of discrete points.
A. FLEXIBLE STRING SYSTEM
The parameters of the flexible string system is shown in Table 1 . The initial conditions are chosen as ω(x, 0) = 0.5x, When there is no control input of the string system, i.e. u(t) = 0, Fig. 4, 5, 6 present the displacement, the boundary deflection and the boundary speed, respectively. Fig. 7, 8, 9 describe the state with control law (6) . The performance of the actual control is illustrated in Fig. 10 .
As shown in Fig. 4 , the displacement is fluctuating and repeatedly returns to an unacceptable large value. From  Fig. 7 , the vibrational deflection can be suppressed around zero by the developed control in about 2s. In Fig. 5 , it can be seen that ω(l, 0) = 0.5m is at the wave crest. Hence we set k 1 = 0.51m. As described in Fig. 8 , we can see that the boundary deflection decreases monotonically from the initial time t = 0, thus it guarantees that |ω(l, t)| < 0.51m. Furthermore, according to the property of monotone decreasing, |ω(l, t)| < |ω(l, t 0 )| for all t > t 0 , where t 0 ≥ 0 is an arbitrarily selected time. Therefore, the boundary deflection constraint can be extended to any specific time by the proposed control. From Fig. 6 , we can see that the boundary speedω(l, t) exceeds k 2 = 0.8m/s. With the control law (6),ω(l, t) is constrained in (−0.8, 0.8)m as is shown in Fig. 9 .
In conclusion, the above simulations suggest that the proposed control scheme (6) can suppress the vibration of the string system, as well as handle the full state boundary output constraints.
B. FLEXIBLE EULER-BERNOULLI BEAM SYSTEM
The parameters of the flexible beam system is shown in Table 2 .
The initial conditions are selected as y( Without any control input of the beam system, namely v(t) = 0, Fig. 11, 12 , 13 present the displacement, the boundary deflection and the boundary speed, respectively. Fig. 14, 15 , 16 present the state with control law (17) . The performance of the proposed control is shown in Fig. 17 . The analysis of the of simulation results are similar to the string system. Therefore, the developed control law (6) can suppress the vibration of the beam system, as well as deal with the full state boundary output constraints.
V. CONCLUSION
In this study, the vibration suppression issues for a flexible string and a flexible beam systems with full state output constraints were addressed. Boundary control schemes were developed to eliminate the vibrations of the systems. Rigorous proofs based on unique solution analysis and LaSalle's Invariance Principle ensured that the asymptotic stability of the controlled systems. The full states remained in the constrained space by appropriately choosing barrier Lyapunov functions. Numerical simulations were performed to illustrate the performance of the control designed. Further researches are conducted the work to more complicated systems, such as flexible spacecraft system, and considered external disturbances.
APPENDIX A THE UNIQUE SOLUTION PROOF OFV(t ) = 0
SupposeV(t) = 0, from (13) we havė
Using the variable separation method, ω(x, t) can be written as the following form
where H (x) and ϕ(t) are the unknown functions of space x and time t, respectively. Now we prove ω(x, t) = 0.
is a constant, we have ω(x, t) = 0 by (26) and (4) .
(ii) If ϕ(t) = 0, we immediately obtain that ω(x, t) = 0 from (26) .
(iii) If ϕ(t) = α, for α is a nonzero constant, we can derivė ϕ(t) =φ(t) = 0, thusω(x, t) =ω(x, t) = 0. According to (3), we have
Combining with (4), we can solve the equation (27) and get the solution
Sinceφ(t) =φ(t) = 0, we also havė
Substituting (28), (29) , (30) and (6) into (5) yield
Since T 1 > 0, l > 0 and k 2 1 −ω 2 (l, t) > 0 (from the definition of (9)), (31) is a contradiction. Hence ϕ(t) is impossible to be a nonzero constant.
(iv) If both H (x) and ϕ(t) are not constants, then from (3) and (26), we can derive
where λ is a nonzero constant. Furthermore, we have
When λ > 0, the general solution of (33) is
in which a 1 , a 2 ∈ R, β > 0 and λ = β 2 . Rememberingω(l, t) = 0 from (25) and ϕ(t) is not a constant, we can get According to (4), we obtain
Applying (35) and (36), we can establish a system of dualistic linear equations from (34) and get
Hence H (x) = 0. However, It is contradict with the assumption that H (x) is not a constant. When λ < 0, the general solution of (33) is
in which a 1 , a 2 ∈ R, β > 0 and λ = −β 2 . Therefore, using H (0) = H (l) = 0, we can solve that H (x) = 0, and it is also a contradiction. In summary, whileV(t) = 0, the unique solution ω(x, t) = 0 is achieved.
APPENDIX B THE UNIQUE SOLUTION PROOF OFĖ(t )
from (24) . Applying the variable separation method, y(x, t) can be formulated as
where Q(x) and ψ(t) are the unknown functions of space x and time t, respectively. Next, we will prove y(x, t) = 0.
is a constant, we have y(x, t) = 0 by (40) and (15) .
(ii) If ψ(t) = 0, we immediately get y(x, t) = 0 from (40).
(iii) If ψ(t) = τ , for τ ∈ R and τ = 0, thenψ(t) = ψ(t) = 0, soẏ(x, t) =ÿ(x, t) = 0. According to (14) , we have
Solving this equation, we obtain
in which ξ = T 2 EI and c 1 to c 4 are undetermined coefficients.
From (40) and (15), we can derive that Q(0) = Q (0) = Q (L) = 0. Hence we obtain a system of linear equations by (42)
Solving this equations, we have When c 3 = 0, it implies that Q(x) = 0. Suppose that c 3 = 0, substituting (40) , (42) and (17) into (16), we get
Then, according to the solution (44), we have (14) and (40) we can obtain
where δ = 0 is a constant. Furthermore, we have
Consider the following equation
The general solutions of (48) are shown in Table 3 . Recallingẏ(L, t) = 0 from (39) and ψ(t) is not a constant, we can drive Q(L) = 0.
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Therefore, for each case of the solutions in Table 3 , we can establish a homogeneous linear equations about r 1 to r 4 using (50) and (51) . Solving these equations we can obtain that r 1 = r 2 = r 3 = r 4 = 0, thus Q(x) = 0. However, it is a contradiction since we assume that Q(x) is not a constant.
In conclusion, whileĖ(t) = 0, we have proven there exists an unique solution y(x, t) = 0.
